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Abstract—Under the smart grid environment, implemen-
tation of load management programs, integration of ac-
tive elements, and associated uncertainties have increased
the complexity in operation and management of the ex-
isting distribution networks many folds as before. There-
fore, for optimal operation of such a complicated distribu-
tion network, this article proposes a synergistic day-ahead
scheduling scheme emphasizing the combined impact of
network reconfiguration, active elements, and demand re-
sponse. Minimizing the overall cost associated with the
operation and management of distribution system, the for-
mulation is proposed as a mixed-integer second-order cone
programming problem. This formulation captures the exact
characteristics of power flow in network and ensures its
fast convergence to global optima. Further, the Benders
decomposition method is employed to deal with computa-
tional complexities in achieving a solution. Test results on a
modified IEEE 33-bus network show notable enhancement
in the techno-economic performance of the network.

Index Terms—Energy management, network reconfigura-
tion, smart distribution grid (SDG), stochastic convex pro-
gramming, synergistic day-ahead scheduling (SDAS), un-
certainty.

NOMENCLATURE

Indices and Sets
T/Ω Set of time intervals/scenarios.
Φ/ΦLD/ΦSS Set of network/load/sub station buses.
ΦBS/ΦSCB Set of buses coupled with BESS/SCB.
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ΦPV/ΦWT Set of buses coupled with PVG/WTG.
Φi Set of buses connected to ith bus.
i, j Index for the bus.
ij, l Index for the branch.
t, ω Index for time, scenario.

Parameters
αg
i,t/β

g
i,t Shape parameters corresponding beta PDF.

ηCH
i /ηDIS

i Charging/discharging efficiency of ith
BESS.

κSL,UP
i /κSL,DN

i Fraction of load forecast at ith SL available
for load shifting (up/down).

μg
i,t/σ

g
i,t Mean/Standard deviation value of ith

PVG/WTG at tth time interval.
τω Probability of scenario ω.
CCSW

ij Operational and maintenance cost of ij th
CSW.

CBS
i /CSCB

i Operational and maintenance cost of ith
BESS/SCB.

CCL
i Cost of energy not served in ith CL.

CSL,UP
i /CSL,DN

i Cost of incentive provided for up/down of
consumption in ith SL.

CSS
t,ω/κ

SS
q Price of active power purchased from the

upper grid and its corresponding reactive
component.

EBS
i,min/E

BS
i,max Lower and upper energy capacity bounds

for the ith BESS.
Iij,max The upper current restriction for the ij th

line.
NSCB

i,max/Ψ
SCB
i,max Highest allowable count of daily switching

operations/the number of available banks
for the ith SCB.

NCSW
ij,max Highest allowable count of daily switching

operations for the ij th CSW.
P SS
i,min/P

SS
i,max Active power bounds of sub-station (upper

grid).
P LD
i,t /Θ

SL
i,t Forecast of demand/ power factor angle of

ith SL.
P PV
i,t /P

WT
i,t Forecast of ith PVG/WTG.

PCAP
i,t /P g

i,t Capacity/Forecast of ith PVG/WTG.
Pij,max/Qij,max Active/Reactive power bounds of ij th line.
QSS

i,min/Q
SS
i,max Reactive power bounds of substation (upper

grid).
QSCB

i,step/ρ
SCB
i,init Step size/initial step of ith SCB.
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rij/xij Resistance/reactance of ij th line.
SBS
i,max Apparent power rating of ith BESS.

Vi,max/Vi,min Bounds of voltage of ith bus.

Variables
δCSW
ij,t Binary variable of ij th line, equals 1 if

bus j is a parent of bus i else equals 0.
γCH
i,t /γ

DIS
i,t Charging/discharging state of the ith

BESS.
γSCB,UP
i,t /γSCB,DN

i,t Up/down status of ith SCB.

γSL,UP
i,t /γSL,DN

i,t Up/down position of ith SL.

γCSW,UP
ij,t /γCSW,DN

ij,t Up/down position of ith CSW.
ρSCB
i,t Step status of ith SCB.

ζCSW
l,t Binary variable of ij th line, is equal to

1 if the line is linked else equal to 0.
PCL
i,t,ω/Q

CL
i,t,ω Active/reactive power injection from ith

CL.
P SS
i,t,ω/Q

SS
i,t,ω Active/reactive powers of substation.

PBS
i,t /Q

BS
i,t/E

BS
i,t Active/reactive power injection and en-

ergy state of ith BESS.
PCH
i,t /P

DIS
i,t Charge/discharge active power of ith

BESS.
P SL,UP
i,t /P SL,DN

i,t Up/down status of active power from ith
SL.

P SL
i,t /Q

SL
i,t Active/reactive power injection from ith

SL.
Pij,t,ω/Qij,t,ω Active/reactive power of ij th line.
QSCB

i,t Reactive power of ith SCB.

QSL,UP
i,t /QSL,DN

i,t Up/down status of reactive power from
ith SL.

Vi,t,ω/θi,t,ω Voltage magnitude/Phase angle of ith
bus in the system.

I. INTRODUCTION

POWER distribution networks across the globe are being
transformed from passive to active networks adapting the

concept of smart grid. This transformation includes the integra-
tion of active elements with diverse characteristics within the
existing distribution networks. Some notable active elements
are distributed generators (DGs), battery energy storage sys-
tems (BESSs), switchable capacitor banks (SCBs), schedulable
loads (SLs), curtailable loads (CLs), and controllable switches
(CSWs) [1]. To realize the concept of a smart distribution grid
(SDG), these active elements are linked to an intelligent distri-
bution management system (DMS) through advanced integrated
information and communication technology [1]. To achieve a
secure and efficient operation of SDGs, the distribution network
operator (DNO) performs day-ahead scheduling (DAS) to de-
termine the dispatch strategies for integrated active elements as
a part of DMS. Despite offering several benefits to both utilities
and consumers, the DAS of SDGs becomes more intricate due
to the simultaneous interaction of multiple issues, such as tech-
nological advancements, diversity of active elements, augmen-
tation of new and flexible programs/policies, and intermittent
generation from renewable DGs [2]. An extensive amount of

work on the DAS of SDGs has been reported in the literature,
which is categorized on the basis of problem formulation, con-
sideration of the uncertainties, employment of active elements,
constituents of the objective function, and solution techniques.

The problem of DAS of SDGs has been formulated as the
nonlinear programming (NLP) problem [1], [15], [17], [18],
mixed-integer nonlinear programming (MINLP) problem [5],
[6], mixed-integer linear programming (MILP) problem [3],
[10], [12], [16], [19], [20], and mixed-integer second-order cone
programming (MISOCP) problem [4], [7], [8], [13], [21], [22],
[23]. Among various formulations, NLP and MINLP problem
formulations are nonconvex, and hence, do not have a theoretical
guarantee of global solution [24]. To deal with the nonconvexity
of problem formulation, the linear approximation of the power
flow has been used to make the DAS formulation as a convex
MILP problem [3], [10], [12], [16], [19], [20]. However, linear
approximation does not account for the exact line losses, and
hence, provides an approximate solution. On the other hand, it
has been proven that second-order cone programming (SOCP)
relaxations always lead to a global optimum if the conic inequal-
ity constraint is exact [24]. Further, for the radial configuration of
SDG, the conic constraints are always exact [24]. By imposing
additional variables, the SOCP-based power flow can also be
linearized without compromising accuracy. However, due to
additional variables, the linear SOCP formulation requires more
computational time [25].

Another important aspect of the DAS of SDGs is the con-
sideration of the uncertainties associated with electricity price,
load demand, and renewable generation. Therefore, to deal
with uncertainties in the DAS framework, robust optimization
model [8], stochastic programming model [4], [5], [7], [9],
and hybrid stochastic/robust optimization model [10], [23] have
been developed. The estimation of the uncertainty interval for
a robust optimization model is itself a challenging task [26].
On the other hand, the stochastic programming models impose
many variables and constraints into the optimization problem
and hence, are difficult to solve, particularly for large systems,
with available commercial solvers [27], [28].

Among various active elements, BESS has been considered in
all the reported works dealing with the DAS of SDGs. However,
only in [4], [7], [16], and [20], the reactive power from BESS has
been taken into account. Apart from BESS, SCB has been con-
sidered in [4], [7], [8], and [9]. The concept of demand response
(DR) under DAS framework has been explored in [5], [11],
[12], and [29]. However, the coverage of DR in [11], [12], and
[29] is restricted only to house level. The nonlinear constraints
related to SDG in [5] do not converge to a global solution. In [1],
[3], [15], [16], [23], [30], and [31], the network reconfiguration
(NR) has also been considered in the DAS formulation. Being a
highly combinatorial problem, the NR requires a large amount
of computational time and resources to solve [32].

Among the components of the objective function of DAS
formulation, the cost of energy from the main grid has been
a common component. In addition to grid energy cost, the
works presented in [3], [5], [6], [7], [13], [14], [15], and
[23] include active element management (AEM) costs in the
objective function. The AEM cost reflects the expenses related
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TABLE I
TAXONOMY OF THE LITERATURE SURVEY

to the operation and maintenance of various active elements.
While considering the AEM cost of BESSs, the cost associated
with their charging/discharging losses is not considered in the
model.

To solve the formulation for DAS for SDGs, a num-
ber of techniques/commercial solvers have been used such
as genetic algorithm (GA) [1], self-adaptive modified crow
search algorithm (SAMCSA) [15], chaotic binary parti-
cle swarm optimization [18], natural aggression algorithm
(NAA) [6], GAMS-KNITRO [5], GAMS-CPLEX [3], [4],
[10], Python-CPLEX [12], GAMS-GUROBI [7], [9], YALMIP-
GUROBI [13], [14], Diagnolization method [11], etc. Among
various techniques, meta-heuristic approaches provide a near-
global solution and do not guarantee a global solution [33].
Further, depending upon the nature of the problem and its
dimensional, the available commercial solvers may also fail to
converge [27], [28], [32].

Based on the abovementioned literature review on the DAS
of SDG, it is observed that no work is available on the develop-
ment of a synergistic day-ahead scheduling (SDAS) framework
for SDGs. Therefore, this article proposes a stochastic SDAS
framework for SDGs comprising DGs, BESSs, SCBs, SLs, CLs,
and CSWs. A taxonomy is provided in Table I to compare the
available literature with the proposed work. The key contribu-
tions made through this article are as follows.

1) The developed formulation takes into account DR, NR,
active and reactive power contribution from BESSs, and
reactive power contribution from SCBs in a synergistic
manner, which has not been attempted so far to the best
of the authors’ knowledge.

2) The developed formulation considers the operational
and maintenance costs of BESSs, SCBs, and CSWs;
and incentives for SLs and CLs as AEM cost. The
cost of charging/discharging losses inside the BESS is
also considered here, which has been ignored so far.
Thus, closely modeling the operation of an SDG, the
proposed SDAS framework gives more realistic fig-
ures about operating cost and corresponding benefits to
DNOs.

3) The proposed model is formulated as a stochastic op-
timization problem to consider the uncertainties in re-
newable generation, load demand, and price of electricity
from the main grid. In stochastic optimization problems,
the number of decision variables and constraints varies
exponentially with the number of scenarios of uncertain

parameters [4], [7], [26]. This requires a huge com-
putational burden. Therefore, Monte-Carlo simulation
(MCS) followed by a k-means clustering approach [34] is
adopted in this article to reduce the computational efforts
without compromising much with the accuracy of the
solution.

4) The proposed formulation is a convex MISOCP optimiza-
tion model, which extracts the exact power flow character-
istics of SDG and always ensures convergence to a global
optimum [24]. However, the stochastic nature of the
proposed problem increases its dimension by imposing
many additional variables and constraints into it. Also, the
consideration of NR under the SDAS framework makes
the overall formulation a highly combinatorial problem.
Due to these reasons, available commercial solvers either
require large computational resources or may not be able
to solve the developed formulation [27], [28], [32]. There-
fore, to address the limitation of commercial solvers, the
proposed formulation is developed as a two-stage SDAS
problem. Further, it uses a Benders decomposition-based
solution technique to reduce computation time and ensure
its convergence.

The proposed framework is tested on a modified IEEE 33-bus
distribution network to show its effectiveness in six different
cases, applying both deterministic and stochastic approaches.
For each case, the results of the proposed MISOCP model
have been compared with those of the MILP model [25]. A
k means clustering-based scenario reduction technique shows
a significant improvement in the computational time and the
Benders decomposition-based solution technique ensures the
convergence of the proposed model. Also, the results of pro-
posed SDAS scheme are compared with those of similar ex-
isting works for validation. The proposed SDAS framework
demonstrates a notable improvement in economic and tech-
nical performance of SDG. The sensitivity of total operat-
ing cost with respect to capacity of active elements is also
analyzed.

The rest of this article is organized as follows. Sec-
tion II overviews the proposed SDAS framework and out-
lines the uncertainty characterization. The formulation of the
scheduling problem is detailed in Section III. The applica-
tion of Benders decomposition is covered in Section IV.
Section V discusses the test system and the analysis of
simulation outcomes. Finally, Section VI concludes this
article.
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Fig. 1. Proposed synergistic day-ahead scheduling framework.

II. PROPOSED SDAS AND UNCERTAINTY

CHARACTERIZATION

A. Proposed SDAS Framework

Assuming that DNO owns and controls all active elements,
the concept of the proposed SDAS for the economic operation
of the SDG is illustrated in Fig. 1. The photovoltaic generation
(PVG) and wind-turbine generation (WTG) are considered as the
DGs. The SDAS strives to achieve the best possible day-ahead
dispatch of active elements in SDG. Its inputs are forecasts
of load demand, electricity price, PVG, and WTG. Numerous
conventional regression approaches and data-driven machine
learning algorithms are available for forecasting [35], which is
outside the focus of this work. In addition to predicting load,
generation, and price, the DMS considers the status of its active
elements via corresponding distribution remote terminal units,
and a range of technical and operational restrictions. The DMS
executes SDAS and transmits dispatch schedules to its active
ingredients through communication to operate SDGs safely and
efficiently.

B. Uncertainty Characterization

In this article, the stochastic variation of forecast of PVG and
WTG is assumed to follow a two-parameter Beta probability
distribution function (PDF) as [4]

fg
i,t(x) = x(αg

i,t−1) (1 − x)(β
g
i,t−1) (1)

σg
i,t = 0.2

(
P g
i,t/P

CAP
i

)
+ 0.21 = 0.2μg

i,t + 0.21 (2)

μg
i,t is the normalized value of P g

i,t with respect to PCAP
i and

σg
i,t can be estimated from (2). Once μg

i,t and σg
i,t are known,

the shape parameters of Beta PDF can be estimated from the
following relations [4]:

αg
i,t =

1(
σg
i,t

)2

[(
μg
i,t

)2 − (
μg
i,t

)3
]
− 1

μg
i,t

(3)

βg
i,t =

(
1/μg

i,t − 1
)
αg
i,t. (4)

Further, the uncertainty in the forecast of load demand and
electricity price is assumed to follow a normal PDF with μi,t as
the mean value and σi,t as the standard deviation of load/price

forecast [6]

fYi,t
(x) =

1√
2πσ2

i,t

exp

[
− (x− μi,t)

2

2πσ2
i,t

]
. (5)

To reflect the uncertainty in the proposed SDAS framework,
an MCS is conducted using the corresponding PDFs to generate
a large number of scenarios for all uncertain parameters. As the
number of scenarios in the SDAS model increases, it poses com-
putational challenges making convergence difficult. To address
this, a machine learning-basedk-means clustering approach [34]
is employed in this work to split the given set of scenarios into k
clusters based on the Euclidean distance without compromising
the quality of the solution.

III. PROBLEM FORMULATION

A. Objective Function

The proposed SDAS scheme aims to minimize the overall
day-ahead operational cost (power purchasing and AEM costs)
incurred in SDG. It is formulated as a two-stage stochastic
programming problem [36]. In the first stage, the decisions
regarding BESS, SCB, SL, and CSW, which must not change
before identifying the actual realization of the stochastic process,
are taken. In the second stage, the decisions regarding load
shedding in CL and power flow, which can vary after identifying
the actual realization of the stochastic process, are taken.

minF = F SS + F SCB + FBS + FCSW + F SL + FCL (6)

F SS =
∑
ω∈Ω

τω
∑
i∈ΦSS

∑
t∈T

[
CSS

t,ω Δt
(
P SS
i,t,ω + κSS

q QSS
i,t,ω

)]
(7)

F SCB =
∑

i∈ΦSCB

∑
t∈T

[
CSCB

i

(
γSCB,UP
i,t + γSCB,DN

i,t

)]
(8)

FBS =
∑
i∈ΦBS

∑
t∈T

Δt

[
CBS

i PCH
i,t

+ PDIS
i,t

(
CBS

i +
∑
ω∈Ω

τωC
SS
t,ω(1 − ηDIS

i )

)]
(9)

F SL =
∑
i∈ΦSL

∑
t∈T

Δt
[
CSL,UP

i P SL,UP
i,t + CSL,DN

i P SL,DN
i,t

]
(10)

FCL =
∑
ω∈Ω

τω
∑
i∈ΦCL

∑
t∈T

[
CCL

i ΔtPCL
i,t,ω

]
(11)

FCSW =
∑

ij∈ΦCSW

∑
t∈T

[
CCSW

ij

(
γCSW,UP
ij,t + γCSW,DN

ij,t

)]
.

(12)

The total day-ahead operational cost of SDG, F , as given in
(6), consists of the cost of power purchase from the upper grid
and AEM cost. F SS represents the expected cost of active and
reactive energy purchased from the upper grid [7]. F SCB and
FCSW are the costs associated with the operation and mainte-
nance of SCB and CSW, respectively.FBS represents the costs of
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operation and maintenance of BESS including its losses during
the discharging [37].F SL denotes the total incentives paid to SLs
for shifting their consumption from one-time interval to another.
FCL indicates the expected cost of energy not served to CLs.

B. Constraints

1) Battery Energy Storage System:

γCH
i,t + γDIS

i,t ≤ 1 ∀t ∀i ∈ ΦBS (13)

PBS
i,t = PDIS

i,t − PCH
i,t

(PBS
i,t )

2 + (QBS
i,t)

2 ≤ (SBS
i,max)

2

}
∀t ∀i ∈ ΦBS (14)

EBS
i,t+1 = EBS

i,t +Δt ηCH
i PCH

i,t

−Δt ηDIS
i PDIS

i,t ∀t ∀i ∈ ΦBS (15)

0 ≤ PCH
i,t ≤ γCH

i,t S
BS
i,max

0 ≤ PDIS
i,t ≤ γDIS

i,t SBS
i,max

EBS
i,min ≤ EBS

i,t ≤ EBS
i,max

⎫⎬
⎭ ∀t ∀i ∈ ΦBS. (16)

Equation (13) governs the charging or discharging of the
BESS within the time interval t. The convex quadratic con-
straints linked to the active and reactive power of the BESS
are expressed by (14). The energy state of BESS is reflected
through the utilization of (15). The operational boundaries that
the BESS must adhere to are outlined in (16).

2) Switchable Capacitor Bank:

γSCB,UP
i,t + γSCB,DN

i,t ≤ 1 ∀t ∀i ∈ ΦSCB (17)∑
t∈T

(
γSCB,UP
i,t + γSCB,DN

i,t

)
≤ NSCB

i,max ∀i ∈ ΦSCB (18)

ρSCB
i,t − ρSCB

i,t−1 ≤ γSCB,UP
i,t ΨSCB

i,max − γSCB,DN
i,t

ρSCB
i,t − ρSCB

i,t−1 ≥ γSCB,UP
i,t − γSCB,DN

i,t ΨSCB
i,max

}
∀t ∀i ∈ ΦSCB

(19)

QSCB
i,t = ρSCB

i,t ·QSCB
i,step ∀t ∀i ∈ ΦSCB. (20)

Equation (17) asserts that at any given time t, an SCB cannot
simultaneously increase and decrease reactive power compen-
sation. The cumulative number of SCB switching operations
within a day must not surpass the maximum allowable limit,
as specified in (18). When incorporating switching variables
and the overall bank count, (19) constrains the regulatory range
within which the SCB operates. The cumulative reactive power
contribution from each SCB is indicated in (20).

3) Demand Response: The DR is mainly categorized as
load shifting and load curtailment [11]. The process of shifting a
fraction of the consumption of a given consumer from a one-time
interval to another time interval based on a bilateral contract with
DNO is known as load shifting. Incentives are provided to those
customers who participate in the load shifting. Load curtailment
is known as the process of curtailing a fraction of the consumers’
consumption by paying the cost of energy not served.

a) Shiftable load:

γSL,UP
i,t + γSL,DN

i,t ≤ 1 ∀t ∀i ∈ ΦSL (21)

0 ≤ P SL,UP
i,t ≤ γSL,UP

i,t κSL,UP
i PLD,FORE

i,t

0 ≤ P SL,DN
i,t ≤ γSL,DN

i,t κSL,DN
i PLD,FORE

i,t

P SL
i,t = P SL,DN

i,t − P SL,UP
i,t

QSL,UP
i,t = tan(ΘSL

i,t)P
SL,UP
i,t

QSL,DN
i,t = tan(ΘSL

i,t)P
SL,DN
i,t

QSL
i,t = QSL,DN

i,t −QSL,UP
i,t

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
∀t ∀i ∈ ΦSL

(22)∑
t∈T

(
P SL,UP
i,t − P SL,DN

i,t

)
= 0∑

t∈T
(
QSL,UP

i,t −QSL,DN
i,t

)
= 0

⎫⎬
⎭∀t ∀i ∈ ΦSL. (23)

The increase or decrease in SL consumption cannot occur
simultaneously during a given time interval t as given in (21).
The limits on increase or decrease in consumption of SL are
expressed in (22). Equation (23) ensures that the total increase
in consumption of SL should be equal to the total decrease in
consumption of SL over a day, i.e., there is no loss of energy
served to SL.

b) Curtailable load:

0 ≤ PCL
i,t,ω ≤ P LD

i,t,ω

0 ≤ QCL
i,t,ω ≤ QLD

i,t,ω

}
∀i ∈ ΦCL ∀t ∀ω. (24)

The bounds on active and reactive power of CLs are provided
in (24), ensuring constant power factor operation.

4) Network Reconfiguration and SOCP-Based Power Flow:

δCSW
ij,t + δCSW

ji,t = ζCSW
l,t ∀t ∀l (25)∑

j∈i
δCSW
ij,t = 1 ∀t ∀i ∈ ΦLD (26)

∑
j∈i

δCSW
ij,t = 0 ∀t ∀i ∈ ΦSS (27)

γCSW,UP
ij,t + γCSW,DN

ij,t ≤ 1 ∀t ∀ij (28)

ζCSW
l,t − ζCSW

l,t−1 = γCSW,UP
ij,t − γCSW,DN

ij,t ∀t ∀ij (29)∑
t∈T

(
γCSW,UP
ij,t + γCSW,DN

ij,t

)
≤ NCSW

ij,max ∀t ∀ij (30)

Ui,t,ω = V 2
i,t,ω/

√
2 ∀t ∀i ∀ω (31)

WR
ij,t,ω = WR

ji,t,ω = Vi,t,ωVj,t,ω cos(θij,t,ω)

W I
ij,t,ω = −W I

ji,t,ω = Vi,t,ωVj,t,ω sin(θij,t,ω)

}
∀t ∀ij ∀ω

(32)

2U l
i,t,ωU

l
j,t,ω ≥ (WR

ij,t,ω)
2 + (W I

ij,t,ω)
2 ∀t ∀ij ∀ω (33)

0 ≤ U l
i,t,ω ≤ (

V 2
i,max/

√
2
)
ζCSW
l,t

0 ≤ U l
j,t,ω ≤ (

V 2
j,max/

√
2
)
ζCSW
l,t

}
∀t ∀l ∀ω (34)

0 ≤ Ui,t,ω − U l
i,t,ω ≤

[
V 2
i,max

(
1 − ζCSW

l,t

)]
/
√

2

0 ≤ Uj,t,ω − U l
j,t,ω ≤

[
V 2
j,max

(
1 − ζCSW

l,t

)]
/
√

2

⎫⎬
⎭∀t ∀l ∀ω

(35)
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Pij,t,ω =
√

2gijU l
i,t,ω − gijW

R
ij,t,ω − bijW

I
ij,t,ω

Qij,t,ω = −√
2bijU l

i,t,ω + bijW
R
ij,t,ω − gijW

I
ij,t,ω

∀t ∀ij ∀ω

⎫⎬
⎭ (36)

Pij,t,ω, Qij,t,ω

{
�= 0, if ζCSW

l,t = 1

= 0, if ζCSW
l,t = 0

(37)

P SS
i,t,ω + PBS

i,t + PCL
i,t,ω + P SL

i,t+

PWT
i,t,ω + P PV

i,t,ω − P LD
i,t,ω =

∑
j∈Φi Pij,t,ω

QSS
i,t,ω +QBS

i,t +QCL
i,t,ω +QSL

i,t+

QSCB
i,t −QLD

i,t,ω =
∑

j∈Φi Qij,t,ω

⎫⎪⎪⎪⎬
⎪⎪⎪⎭
∀t ∀i ∀ω (38)

I2
ij,t,ω =

√
2
(
g2
ij + b2

ij

) (
U l
i,t,ω + U l

j,t,ω − 2WR
ij,t,ω

)
≤ I2

ij,max ∀t ∀ij ∀ω (39)

Ui,t,ω = 1/
√

2 ∀i ∈ ΦSS

V 2
i,min/

√
2 ≤ Ui,t,ω ≤ V 2

i,max/
√

2 ∀i ∈ ΦLD

}
∀t ∀ω (40)

−Pij,max ≤ Pij,t,ω ≤ Pij,max

−Qij,max ≤ Qij,t,ω ≤ Qij,max

0 ≤ WR
ij,t,ω ≤ Vi,maxVj,max

−Vi,maxVj,max ≤ W I
ij,t,ω ≤ Vi,maxVj,max

⎫⎪⎪⎬
⎪⎪⎭∀t ∀ij ∀ω (41)

P SS
i,min ≤ P SS

i,t,ω ≤ P SS
i,max

QSS
i,min ≤ QSS

i,t,ω ≤ QSS
i,max

}
∀t ∀i ∈ ΦSS ∀ω. (42)

Equations (25)–(27) represent the spanning tree constraints,
which ensure the radial structure of the network [25]. Equa-
tions (28)–(29) represent the time coupling relationship between
spanning tree variables. The maximum daily count of switching
actions on CSWs is constrained by (30). Equations (31)–(33)
provide the expressions and definitions of newly introduced
variables associated with SOCP [25]. The connection between
NR and variables of power flow is given in (34)–(35). Here, the
new variables (U l

i,t,ω, U
l
j,t,ω) are denoted for each separate line.

These variables are set to zero, when ζCSW
l,t = 0, and greater than

zero, when ζCSW
l,t = 1. The linear expressions for the active and

reactive power flow on line ij for time interval t are provided
in (36), where gij + jbij = 1/(rij + jxij). The presence of the
line in the network is verified in (37). Power balance expression
for SDG and its connected components are specified in (38). The
square of the line current limit is linearly represented in (39).
Bounds on power flow variables are defined by (40)–(42).

IV. SOLUTION TECHNIQUE: BENDERS DECOMPOSITION FOR

SDAS SCHEME

A significant challenge in solving the proposed stochastic
MISOCP-based SDAS model stems from the abundance of conic
ac power flow constraints associated with stochastic scenarios.
The combinatorial nature of the NR problem further increases
the complexity of proposed SDAS scheme while solving it.
Commercial solvers typically struggle to handle such large-scale
stochastic MILP or MISOCP problems. In such cases, Benders
decomposition could be useful to obtain the solution [28]. It
partitions the initial problem into a master problem and multiple
subproblems, which are solved iteratively to achieve the optimal

solution. A generalized Benders decomposition is presented
in [38], which theoretically proves that it reaches an optimal
solution for mixed-integer conic problems. A bilinear Benders
decomposition has been exploited to solve a stochastic and
chance-constrained MISOCP model for expansion planning of
the distribution network in [27]. Motivated by its practicality in
solving large-scale stochastic MISOCP problems, the Benders
decomposition used in [27] is adopted to solve the proposed
SDAS.

A. Compact Form of Proposed SDAS Framework

Let xt be the variables corresponding to the first stage (day-
ahead) with related parameter matrices (ct, Ft, f,Mt,m,At).
Further, let yt,ω be the variables corresponding to the second
stage (operation) in scenario ω with related parameter matrices
(gt,ω, Et,ω, dt,ω, Bt,ω, lt,ω, Ht,ω, ht,ω). Here, the matching dual
variables of each constraint in the operation stage are denoted
by a colon.

xt = [PCH
i,t , P

DIS
i,t , γCH

i,t , γ
DIS
i,t , PBS

i,t , Q
BS
i,t , E

BS
i,t , γ

SCB,UP
i,t ,

γSCB,DN
i,t , ρSCB

i,t , QSCB
i,t , γSL,UP

i,t , γSL,DN
i,t , P SL,UP

i,t , P SL,DN
i,t , P SL

i,t ,

QSL,UP
i,t , QSL,DN

i,t , QSL
i,t, δ

CSW
ij,t , ζCSW

ij,t , γCSW,UP
ij,t , γCSW,DN

ji,t ]

yt,ω = [Ui,t,ω,W
R
ij,t,ω,W

I
ij,t,ω, U

ij
i,t,ω, U

ij
j,t,ω, Pij,t,ω,

Qij,t,ω, P
SS
i,t,ω, Q

SS
i,t,ω, P

CL
i,t,ω, Q

CL
i,t,ω]

min
{xt},{yt,ω}

∑
t∈T

(ctxt) +
∑
t∈T

∑
ω∈Ω

(τωgt,ωyt,ω) (43)

s.t. Ftxt ≤ ft ∀t (44)∑
t∈T

(Mtxt) ≤ m (45)

Et,ωyt,ω = dt,ω : λt,ω ∀t ∀ω (46)

Atxt +Bt,ωyt,ω ≥ lt,ω : ξt,ω ∀t ∀ω (47)

||Ht,ωyt,ω|| ≤ ht,ωyt,ω : (μt,ω, σt,ω) ∀t ∀ω. (48)

The objective function including the first and second stage
costs is represented in (43). The constraints related to day-
ahead decision variables are described in (44)–(45); nodal power
balance equations are represented in (46); constraints linking
day-ahead and operation variables are described in (47); and
conic constraints are represented in (48).

B. Subproblem and Master Problem

In this context, the subproblem takes the form of the dual
representation of the second-stage recourse problem within sce-
nario ω, given a specific x̂t

k derived from the kth iteration.
The optimum objective achieved in the subproblem is employed
to establish an upper limit for the main problem. Within the
second-stage recourse problem, load curtailment is taken into ac-
count but is subjected to a penalty within the objective function.
Consequently, this approach guarantees the strict feasibility of
the second-stage recourse problem, thereby ensuring the strong
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Algorithm 1: Benders Decomposition for MISOCP-Based
Stochastic SDAS.

Input: Network data, scenarios (load, PVG, WTG, and
price),
parameters corresponding to all active elements.

Initialization : LB = −∞ and UB = ∞
1: for k ∈ K do
2: Solve MP : obtain x̂k & V k

3: Update LB = V k

4: for ω ∈ Ω do
5: Solve SPω: obtain Ĵω
6: end for
7: Update UB = min{UB, cx̂k + ρ

∑
ω∈Ω τωĴω}

8: if (|UB−LB
LB | ≤ ε) then

9: Stop
10: end if
11: end for
Output: Optimal solution (F̂ ), which is related with UB.

duality of the MISOCP problem.

SPω : Jω=max
∑
t∈T

[
ξt,ω

(
lt,ω−Atx̂t

k
)
+λt,ωdt,ω

]
(49)

s.t. Et,ωλt,ω+Bt,ωξt,ω+Ht,ωσt,ω+μt,ωht,ω=gt,ω ∀t ∀ω
(50)

||σt,ω|| ≤ μt,ω ∀t ∀ω (51)

θt,ω, μt,ω ≥ 0, λt,ω, σt,ω unbound. (52)

Let (θ̂t,ω, λ̂t,ω, μ̂t,ω, σ̂t,ω) be the optimal solution obtained
from SPω. Next, the master problem for tth iteration is consid-
ered. Bender cuts are the linear function of optimal value from
SPω in the proposed model.

MP : min
∑
t∈T

ctxt + ρ
∑
ω∈Ω

τωηω (53)

s.t. Ftxt ≤ ft ∀t (54)∑
t∈T

(Mtxt) ≤ m (55)

∑
t∈T

[
ξ̂νt,ω (lt,ω −Atxt) + λ̂ν

t,ωdt,ω

]
≤ ηω, 1 ≤ ν ≤ k ∀ω.

(56)

C. Solution Algorithm

The complete methodology for addressing the two-stage
stochastic MISOCP challenge is outlined in Algorithm 1. Here,
the current lower and upper boundaries are denoted as LB and
UB, respectively, with ε representing the optimality criterion
and K representing a set of iterations.

V. CASE STUDY

The proposed SDAS scheme is executed on an Intel(R)
Core(TM) i7-8700 CPU, 3.20 GHz, and 16 GB RAM Windows-
based personal computer and solved using GAMS software

TABLE II
DETAILS OF ACTIVE ELEMENTS IN IEEE 33-BUS SYSTEM

TABLE III
CLASSIFICATION OF CASES

with the CPLEX solver under default settings. Unless other-
wise stated, the maximum simulation time (T ) is 7,200 s. The
optimality tolerance is set to the default value in GAMS (ε =
0.01 %).

The proposed SDAS scheme is tested on an IEEE 33-bus
test distribution network after adding active elements to the
standard network [8]. The essential data related to the 33-bus test
network is obtained from [8]. The data corresponding to different
active elements are provided in Table II. Initially, the CSWs
of lines 33-37 are OFF, and the remaining CSWs are ON. The
day-ahead forecasts of load and electricity price have been ob-
tained from [10]. Similarly, the day-ahead forecasts of PVG and
WTG have been assumed as generation profiles, which are taken
from [39]. The reactive counterpart, kSS

q of upper grid price, is
0.05 [1]. The lower and upper and limits on active/reactive power
from substation (SS) are 0 and 6 MW/MVAr, respectively. The
minimum and maximum voltage limits at each bus are 0.9 pu
and 1.1 pu, respectively.

The proposed SDAS scheme is applied to the test system in
six cases, considering different combinations of active elements
as presented in Table III. For each case, the proposed SDAS
formulation is solved using deterministic as well as stochastic
approaches. In deterministic scheduling, the forecast values are
assumed to be accurate without any error. In stochastic SDAS,
the uncertainties associated with the forecasts of load, electricity
price, and PVG and WTG are accounted for as discussed in Part
B of Section II. The standard deviation of the load and price
forecast is assumed as 5%. A total of 10,000 scenarios have
been generated using MCS utilizing corresponding PDFs of
uncertain variables. The proposed stochastic MISOCP problem
for Case-IV with 10,000 scenarios converges in approximately
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Fig. 2. Error in the objective function and computational time with a
different number of clusters.

TABLE IV
RESULTS ON 33-BUS SYSTEM WITH DETERMINISTIC SDAS

75 h with an expected cost of $4,999.68, which is impractical for
DAS of a SDG, as the DAS decisions are to be taken on daily
basis. Therefore, for faster convergence, a k-means clustering
algorithm [34] has been used to shrink these 10,000 scenar-
ios. A larger number of clusters increases the computational
complexity, while a smaller number of clusters compromises
the uncertainty representation [40]. Therefore, to reach an opti-
mum number of clusters, the experiment has been conducted
by varying the number of clusters from 5 to 50 in Case-IV
and observing the results in terms of the error in the objective
function and associated computational burden as shown in Fig. 2.
For the computation of error in the objective function, the results
obtained by MCS is taken as the reference. From this figure, it
is observed that the scenario reduction approach significantly
saves computational time without much affecting the accuracy of
results. The scenario reduction using 25 clusters gives a tradeoff
between accuracy in the results as well as computational time.
Hence, in this article, 25 clusters have been used for further
analysis.

The results of deterministic and stochastic SDAS are given
in Table IV and Table V, respectively. Due to inclusion of
uncertainty, the total operational cost by stochastic SDAS is
always less than that by deterministic SDAS and the compu-
tational time by stochastic SDAS is always more than that by
deterministic SDAS. However, the results by deterministic and
stochastic SDAS exhibit a similar variation with respect to the
different cases. Further, in these tables, the results of proposed
MISOCP model have been compared with those by MILP model
for each case. To obtain the MILP model, the conic constraint
(51) is linearized using the polyhedral approximation of feasible
convex region [25]. Though both models result in the approx-
imate same value of total operational cost with deterministic

TABLE V
RESULTS ON 33-BUS SYSTEM WITH STOCHASTIC SDAS

as well as stochastic approaches, their computational efforts
are significantly different. This is because each conic constraint
containing 4 variables in the MISOCP model is linearized using
6 constraints containing 24 variables in the MILP model [25].
Thus, the proposed MISOCP model is found to be computation-
ally efficient than its MILP counterpart.

A. Effectiveness of Benders Decomposition

For both MISOCP and MILP models under deterministic as
well as stochastic SDAS, different cases have been first solved
without Benders decomposition. It is observed from Tables IV
and V that the solver is unable to converge for Case-V and
Case-VI within T . The reason behind this is the introduction
of extra variables in the SDAS problem due to the combinatorial
nature of the NR. Interestingly, the total number of variables
becomes 13,104 (binary: 4,272, integer: 144, continuous: 8,688)
and 172,080 (binary: 4,272, integer: 144, continuous: 167,664)
in deterministic and stochastic SDAS, respectively. For these
two cases, the problem converges to an optimum value within
T only when Benders decomposition is used. With Benders
decomposition, the deterministic MISOCP model for Cases-V
and VI converges within 748.89 s and 1,371.78 s, respectively.
Similarly, the stochastic MISOCP model for Cases-V and VI
converges within 2,264.67 s and 3,378.13 , respectively, with
Benders decomposition. For the MILP model also, Benders
decomposition is able to converge to an optimum value within
T . Thus, Benders decomposition helps to solve the proposed
large-scale SDAS.

B. Validation of Proposed SDAS Scheme

To validate the effectiveness of the proposed SDAS scheme,
the results obtained by it have been compared with those by some
of the existing methods reported in the literature. While imple-
menting other methods, the same problem formulations, same
active elements, and same way of handling the uncertainty have
been considered as reported in those methods (Refer Table I).
For the sake of comparison, a common 33-bus test network has
been used for all the methods. The diesel generators used in the
works [16] and [21], are not considered here for the purpose of
comparison. A comparison of results in terms of total operating
cost, daily energy losses, peak demand on SS, and minimum
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TABLE VI
COMPARATIVE STUDY WITH EXISTING WORKS

voltage in the network is shown in Table VI. It is observed from
this table that among different methods, the proposed scheme
results minimum operating cost, minimum daily energy losses,
and maximum improvement in minimum voltage. Also, among
different stochastic formulations [4], [6], [30], the proposed
scheme results minimum peak demand on SS. This is due to the
consideration of diverse active elements in the proposed SDAS
scheme. Thus, the results presented in Table VI validate the
effectiveness of the proposed method over other methods.

C. Analysis With Proposed SDAS Scheme

After validating the proposed scheme, it is used to analyze
the test system with different cases. Table VII compares vari-
ous indices such as various cost components of the objective
function, energy losses, peak load on SS, and minimum voltage
for different cases by proposed stochastic MISOCP formulation.
Among different cases, Case-I (when only DGs are considered
in the network) results in maximum total operational cost, max-
imum energy losses, and maximum peak demand on the SS.
The total operating costs in Case-II and Case-III are close to
each other. Case-VI results in minimum total operational cost,
minimum energy losses, minimum peak demand on the SS, and
maximum improvement in voltage profile. In Case-VI, the total
operational cost is reduced by 14.64%, 5.76%, 5.72%, 1.75%,
and 13.09% as compared to Case-I, Case-II, Case-III, Case-IV,
and Case-V, respectively. Further, in Case-VI, the energy losses
are reduced by 59.01%, 14.45%, 27.44%, 19.25%, and 49.15%,
in comparison to Case-I, Case-II, Case-III, Case-IV, and Case-V,
respectively. Case-VI improves the minimum voltage in the
network to 0.9423 pu. Also, Case-VI results a peak demand
of 4.5453 MVA on the SS, which is also minimum among all
the cases considered. Based on these observations, it can be
concluded that the proposed SDAS scheme (Case-VI) yields
more benefits to the utility in terms of economical operation and
improved system performance.

By the proposed SDAS scheme, the schedules of BESSs for
Case-VI are shown in Fig. 3. In this figure, +ve and −ve values
of active power indicate discharging and charging of BESSs,
respectively. BESSs are discharged and charged during peak
demand and off-peak demand periods, respectively. Total active
participation from SLs in Case-VI is shown in Fig. 4. In this
figure, +ve and −ve values of active power indicate decrement
and increment, respectively, in the load demand of SLs. The load
demand of SLs is reduced and increased during peak demand
and off-peak demand periods, respectively.

Fig. 3. Schedule of active power and energy of BESSs in Case-VI of
stochastic SDAS.

Fig. 4. Total active participation from SLs in Case-VI of stochastic
SDAS.

Fig. 5. Sensitivity of total operating cost wrt capacity of active ele-
ments.

To check the importance of AEM cost in the proposed for-
mulation, it is excluded from the objective function and the
resultant formulation is solved. The observed techno-economic
performance of the test network is provided in Table VIII. On
comparing the obtained results with Case-VI of Table VII, it is
observed that the results of Case-VI are still better. The overall
cost, losses, and peak demand on SS become more, if AEM
cost is excluded from the objective function. Even though the
total AEM cost constitutes a small portion of the overall cost,
its inclusion in the objective function results a better solution
as seen from Case-VI of Table VII. Thus, it is concluded that
AEM costs should be included in the objective function for better
techno-economic performance of SDG.

D. Sensitivity Analysis

To analyze the impact of variation in capacity of active ele-
ments, namely BESSs, SLs, PVGs, and WTGs, on the overall
operating cost, a sensitivity analysis is also conducted. For this
purpose, the rating of an active element is varied in a step of
25% from 50% to 150%, and corresponding change in overall
operating cost is observed. The 100% capacity, and location
of each element are considered same as provided in Table II.
Fig. 5 shows percentage change in the total operating cost with
respect to (wrt) percentage capacity of active elements. For
computing percentage change in the total operational cost, its
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TABLE VII
VARIOUS INDICES OF 33-BUS NETWORK WITH STOCHASTIC SDAS

TABLE VIII
VARIOUS INDICES OF 33-BUS NETWORK WITH STOCHASTIC SDAS EXCLUDING AEM COST IN OBJECTIVE FUNCTION

value, $4,834.66 obtained from Case-VI of Table VII is taken
as the reference. All active elements considered here exhibit a
similar trend of sensitivity of the overall cost wrt the change in
their capacity. The overall cost decreases with increase in the
capacity of active elements and vice-versa. However, PVG and
WTG have more impact on the total cost as compared to BESS
and SL. This is because about 98% share of the total cost is due
to power purchase cost as seen from Case-VI of Table VII. When
the capacity of PVG and WTG is increased, it offsets the energy
purchased from the grid, and thereby, reduces the total cost.
Further, even though the total capacity of PVG is twice that of
WTG as seen from Table II, their capacity variation shows almost
similar variation in total cost. This is due to nonavailability
of PVG during night time. On the other hand, BESS stores
the energy during off-peak hours and delivers the same during
peak hours as seen from Fig. 3. Thus, it has almost negligible
contribution to change in energy purchased from the grid with its
capacity variation. However, due to different electricity prices
during peak and off-peak hours, it has very small impact on
overall cost as reflected in Fig. 5. If the electricity price was
made flat, the overall cost would no longer be sensitive to the
change in the capacity of BESS. A similar discussion can be also
made for SL based on Fig. 4.

VI. CONCLUSION

This study proposes a stochastic SDAS scheme for SDGs to
operate their active elements, such as BESSs, SCBs, SLs, CLs,
and CSWs, in an optimal manner. For this, a two-stage stochastic
and convex MISOCP optimization problem is formulated which
seeks to minimize the daily operational cost of SDG. The uncer-
tainties in renewable generation, load, and grid electricity price
have been taken into consideration using MCS and a k-means
clustering approach. The proposed SDAS scheme is tested on a
modified IEEE 33-bus SDG to verify its effectiveness under
different cases. It is observed that the available commercial
solvers fail to solve the developed formulation within a given
time. Therefore, Benders decomposition is employed to ob-
tain an optimal solution with reduced computational time. The
results of the proposed SDAS scheme have been compared with
those of similar existing works. The comparison indicates a

significant techno-economic improvement in the overall per-
formance of SDG with the proposed SDAS. Therefore, the
proposed SDAS is proven to be an effective tool for an SDG
regarding techno-economic performance under DMS. Further,
it is a computationally efficient tool. It can be used by DNOs
to determine the dispatch strategies for various active elements
and thereby ensuring an efficient operation of SDGs.
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